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Theaetetus’s Icosahedron

In mathematics you don’t understand things. You just get
used to them.

John von Neumann (1903–57)

In 369  an Athenian philosopher named Theaetetus was
wounded in a battle at Corinth, and carried home. He contracted
dysentery and died in Athens. None of his writings survive, but
we know of his work through later commentators, and know
about him personally from Plato, who records two dialogues with
Theaetetus as the main character. One of these took place in 399
 when Theaetetus was still a youth, though clearly an excep-
tional one. Among his mathematical achievements was the clas-
sification of the five regular Platonic solids, exhibiting symmetry
in three dimensions. Here they are.
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The Pythagoreans, that community of mystics and mathemat-
icians founded by Pythagoras in around 500 , knew about the
tetrahedron, cube, and dodecahedron. The octahedron and the
icosahedron are due to Theaetetus. Apart from the word ‘cube’,
the names come from Greek and refer to the number of faces:
tetra means four, octa eight, dodeca twelve, and icosa twenty.

The existence of these Platonic solids cannot be settled by
making simple models, because anything you make will be imper-
fect. The question Theaetetus tackled is whether there is a theoreti-
cal construction in which each face is a perfect triangle, square or
pentagon: all angles the same and all sides the same length. This is
a question about symmetry – is there, for example, an icosahedron
having perfect symmetry? This is not a trivial matter, and we shall
meet the same problem later when we approach other, more com-
plicated models of symmetry. Various sub-structures may be
known, and it may seem that they should fit together to form a
more complex object, but proving its existence can be very hard.
The Monster will be a case in point.

Discovering objects that have immense symmetry is one of the later
themes in this book, and the Platonic solids are good prototypes
to keep in mind. Their symmetry can be described mathematically,
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and I want to give a rough idea of how this works. Think first in
terms of mirror symmetry, by which I mean switching everything
from one side of a mirror to the other. You treat the mirror as a
plane, dividing space into two halves that are interchanged – like
Alice interchanging with a mirror image of herself on the other
side of the mirror. This is what mathematicians usually mean
when they talk of reflections, or mirror symmetries.

Take the cube as an example. Take an imaginary plane that
goes through the centre of the cube in such a way that each corner
on one side is directly opposite a corner on the other side. Then
switch everything on one side of the plane to the other. This will
fix everything in the plane, but switch each point on one side
with an opposite point on the other. A cube has exactly two
different types of mirror symmetries. Either the plane is parallel
to, and midway between, two opposite faces, or it slices diagonally
through two opposite faces.

These are not the only symmetries of the cube. Several different
types of rotation are also possible. For example run a spindle
through the centre of two opposite faces, and turn the cube by 90°
or 180°. Or put a spindle through two opposite vertices and give it
a 120° turn, or through the centres of two opposite edges and
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make a 180° turn. You could also combine a rotation with a mir-
ror symmetry, doing first one then the other. A cube has a great
many different symmetries – how many?

The total number is 48, and they form what we call the symmetry
group of the cube. Those that can be done using rotations – there
are 24 of them1 – form a sub-group. I shall call it the rotation group
of the cube. The word ‘group’ is a technical term – it is a central
concept in this book, and I will give a more precise definition
later.

In the nineteenth century mathematicians found a way of
deconstructing a group of symmetries into simpler groups. Those
that can be deconstructed no further I shall call ‘atoms of sym-
metry’.2 The discovery, classification, and construction of all atoms
of symmetry leads eventually to some very strange exceptions – the
largest being the Monster. But if we are to gain some understand-
ing of the Monster, we should first examine simpler situations, so
let us consider the Platonic solids in more detail.

Consider the cube and the octahedron. They are deeply inter-
connected. Where the cube has six faces, the octahedron has six
vertices, and where the cube has eight vertices the octahedron has
eight faces. They both have 12 edges, but the roles of vertices
and faces are switched around. This is more than just a corres-

1 The reason there are 24 rotational symmetries is this: a cube has six faces any

one of which can be placed on the bottom. This face can then be rotated into four

different positions, and 6 × 4 = 24.
2 Mathematicians call them ‘simple groups’, but the term ‘simple’ is misleading

because they can be very complicated – it is used to imply they cannot be decon-

structed into simpler groups.
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pondence of numbers. Each one can be inscribed in the other
as shown in the picture below. Place a vertex in the middle of each
face of the cube, and join two of these new vertices if the faces are
adjacent. This gives an octahedron, and if you do the same thing
with an octahedron you get a cube. We say the cube and the
octahedron are dual to one another.

This duality between the cube and octahedron means that a
symmetry of one is also a symmetry of the other – they have the
same group of symmetries. As concrete objects they are different,
but at the abstract level of symmetry they are the same. Abstrac-
tion is a powerful tool in mathematics; by concentrating only on
certain essentials of a situation, and disregarding other aspects,
one is free to pursue new results. The other aspects may have
important applications, but they can be reintroduced later.

In a similar way the dodecahedron and the icosahedron are
dual to one another. If you place a vertex in the middle of each
face of the dodecahedron, and join two of these vertices when the
faces are adjacent, then you get an icosahedron. Doing the same
thing with an icosahedron yields a dodecahedron. Where the
dodecahedron has 12 faces and 20 vertices, the icosahedron has 12
vertices and 20 faces. This duality means that the dodecahedron
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and the icosahedron have the same group of symmetries, and the
same subgroup of rotations. This group of rotations has size 60,
and turns out to be the smallest atom of symmetry that needs
more than two dimensions. It also appears in some surprisingly
different ways, and we shall meet it again later.

The word symmetry itself comes from two roots in Greek: syn
meaning together, and metry referring to measurement. The idea
of measuring two or more things together is obviously a useful
one, and Goethe’s reflections on the topic were already mentioned
in the Prologue. His ideas of raising up from below, strength out
of weakness, and beauty out of ordinariness have their parallels
in mathematics that Goethe did not live to see. He died in 1832, as
did a young mathematician named Évariste Galois, who was
62 years younger than Goethe. Galois was the first mathematician
to use symmetry in solving a deep problem, and framing a new
branch of mathematics. We shall meet him in the next chapter.
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